Abstract. Turbulence has long been recognized as one of the most signi cant factors limiting the performance of optical systems operating in the presence of atmosphere. Atmospheric turbulence over vertical paths has been well characterized, both theoretically and experimentally. Much less is known about turbulence over long, horizontal paths. Perturbations of the wavefront phase can be measured using a Hartmann wavefront sensor (H{WFS). These measurements can be used to characterize atmospheric turbulence directly. Theoretical expressions for the slope structure function of the H{WFS measurements are derived and evaluated using numerical quadrature. By concentrating on the slope structure function, we avoid the phase reconstruction step and use the slope measurements in a more direct fashion. The theoretical slope structure function is compared to estimated slope structure functions computed from H{WFS measurements collected in a series of experiments conducted by researchers at the US Air Force's Phillips Laboratory. These experiments involved H{WFS measurements over high altitude (airborne) horizontal paths 20-200 km in length.
Introduction
Atmospheric turbulence has long been recognized as one of the most signi cant factors limiting the performance of optical systems. These optical systems include imaging systems such as astronomical telescopes, laser beam projection systems and optical communication systems. Phase aberrations in the pupil of the optical system are, in many cases, the primary cause of the optical system degradation. In the case of imaging, wavefront phase aberrations result in a signi cant spreading and distortion of the system point spread function. In another example, the phase aberrations reduce the mixing e ciency associated with the receiver local eld in a coherent optical communications system. This reduced mixing e ciency can result in decreased data rates and higher probability of bit errors. Characterization of the temporal and spatial wavefront phase statistics is of paramount importance in understanding their e ects on these optical systems.
Optical approaches used for characterizing atmospheric turbulence generally involve long exposure imaging of a star using a single aperture or di erential image motion measurements using a pair of apertures. The seeing monitors used at many astronomical observatory sites include these two types of monitors. In the long exposure single aperture type of seeing monitor the average point spread function (PSF) is measured and compared to well known theoretical results 1]. This comparison yields the atmospheric parameters of interest like the Fried parameter, r 0 , in the case of Kolmogorov turbulence statistics 2]. The di erential image motion measurement involves sensing the di erential motion of the image of a star from two apertures 3, 4] . This di erential motion can be related to a di erential wavefront tilt associated with the two apertures. The two apertures are separated by a xed distance and the mean square di erence of the tilt measurement is compared to theory. This latter approach basically results in the slope structure function for a xed separation. In the case of a Kolmogorov turbulence power spectrum density, the value of the slope structure function can be related to the Fried parameter, r 0 .
In contrast to the two apertures in the di erential image motion measurement, we propose to characterize the wavefront turbulence statistics using an array of slope measurements obtained from a Hartmann wavefront sensor (H{WFS). Use of a H{WFS for characterizing atmospheric turbulence has been previously discussed by Dayton et. al. 5 ] and Nicholls et. al. 6 ]. In reference 5] the authors introduce the idea of using the H{WFS for measuring the slope structure function. They present a theoretical expression for the slope structure function for a simple onedimensional model of the H{WFS. This work also presents some actual measurements of slope structure functions that demonstrate non-Kolmogorov behavior. In reference 6] the authors demonstrated the use of H{WFS data for measuring the power law of non-Kolmogorov turbulence. The authors present a theoretical expression for the slope structure function based on circular subapertures. Here we propose using the H{WFS data for more a complete characterization of the atmospheric phase statistics using the generalized space-time slope structure function. In addition to investigating the power law of the turbulence power spectrum, we show that the turbulence strength parameter as well as the temporal correlation behavior can be computed from the slope structure function. We also derive a theoretical expression for the slope structure function for an arbitrary power law turbulence power spectrum. This expression is based on square H{WFS subapertures and a physically based model of the slope measurement. The expression is simpler than previously published expressions and is easy to compute.
As stated above, we use the array of H{WFS slope measurements to compute the space-time slope structure function. The slope structure function computed from the measured data can be compared to theoretical expressions. This comparison results in the statistical parameters that are required to characterize atmospheric turbulence conditions. One such approach for doing this comparison is presented by Nicholls et. al. 6 ]. Since the space-time slope structure incorporates both the spatial and temporal turbulence statistics, the structure function is useful for characterizing both these types of statistics. The space-time slope structure function is de ned as the mean square di erence between the measured slopes from any two subapertures in the H{WFS. These two subapertures can be separated in space or time or both. A temporal separation implies that multiple H{WFS measurements are collected over a period of time. One advantage associated with considering the slope structure function is insensitivity to system jitter and overall wavefront tilt. The inherent mathematical processing associated with computing the slope structure function cancels any overall tilt that pairs of subapertures have in common. Insensitivity to system jitter is desirable when measurements are made from moving or vibrating platforms. Immunity to overall wavefront tilt is appealing since its contribution to the wavefront slope can overwhelm higher order atmospheric induced wavefront slopes.
In Section 2 we derive a theoretical expression for the space-time slope structure function for an array of square H{WFS subapertures. Section 3 presents a brief discussion using H{WFS measurements to estimate the slope structure function and the e ect of errors on the slope measurements on this estimate. In Section 4 we demonstrate the actual computation of the slope structure function for an ensemble of H{WFS data collected in an airborne laser propagation experiment. Section 5 presents some discussion and conclusions.
2 The space-time slope structure function for a Hartmann wavefront sensor
In this section we derive the theoretical expression for the slope structure function associated with a H{WFS. The slope structure function is manipulated into a form which depends only on the phase structure function. Before presenting the development for the structure function we rst present a model for a single H{WFS subaperture element. In a earlier paper Fried 7] derived a theoretical expression for the slope structure function. His analysis is for two circular apertures separated by an arbitrary distance. Fried's analysis makes use of the Z-tilt model for the slope measurement. Z-tilt corresponds to the Zernike mode associated with overall wavefront tilt which is the rst moment of the wavefront phase over the aperture. In contrast we use a slope measurement model that is more physically motivated. This measurement model equates the measured slope to the average gradient of the phase over the aperture 8, 9, 10] . The model has been used by numerous researchers for modeling H{WFSs 9, 11, 12, 13, 14] . Use of the average gradient in conjunction with square subapertures results in a simpler expression than that derived by Fried.
H{WFS subaperture slope measurement model
A H{WFS is characterized by a collection of elements that segment the imaging system pupil into a nite number of subapertures. Each sensor element consists of a subaperture lens (lenslet) that focuses the incident light unto an array of detectors in the focal plane. We assume the H{WFS subapertures are squares with the same orientation but otherwise arranged in an arbitrary geometry. The centroid position of the irradiance spot on the detector array is computed from the detector photoelectron counts. The irradiance centroid position is related to the average slope or gradient of the wavefront over the subaperture lens. The average gradient model of the slope measurement is given by 9] sâ(x; t) = Z dr W (r ?x) (r (r; t) â) ; (1) where sâ(x; t) is the measured slope in theâ direction for a subaperture centered atx and at time t. The function W (r) is the subaperture weighting function and is nominally a constant positive value within the subaperture area and zero elsewhere. The wavefront phase is designated (r; t), r is the gradient operator andâ is a unit vector pointing in the direction of the sensitivity of the slope measurement. The unit vectorâ will normally take on one of two orthogonal directions in the plane of the WFS:x orŷ. It is implicit in this de nition of the slope measurement that the integration time is short enough to freeze the wavefront phase. Wallner 9] 
where ( ) is the Dirac-delta function and rect(x) is the one dimensional equivalent to the 2-D de nition in Eq. (3). The H{WFS model in Eq. (2) can now be used in the derivation of the slope structure function.
Slope structure function
The slope structure function for the H{WFS is de ned as the mean square di erence in the slope measurement between any two subapertures separated in space and/or time. Combining the de nition of the structure function and the slope measurement given in Eq. (2) 
where the notation Dâ s (x;x 0 ; t; t 0 ) represents the slope structure function for the subaperture slope measurements centered atx andx 0 and taken at times t and t 0 .
Consider the slope structure function for slopes in the x-direction (i.e.,â =x). Expanding Eq. (5) 
Substituting the gradient of the aperture function given by Eq. (4) 
and x, y, x 0 and y 0 are the x-and y-directed components ofx andx 0 , respectively. The shorthand notation jx; yj = p x 2 + y 2 is used to simplify the arguments of the phase structure functions. Up to this point we have only made an assumption about the isotropic nature of (x; t). We have not assumed a particular form for the phase structure function. Any appropriate phase structure function (Kolmogorov, Von Karman, general power law) may be used.
The simplest and most widely used phase structure function is a general power law form 16]. Using a frozen ow model for the temporal evolution of the phase uctuations we can write a general power law phase structure function as 6, 16, 17] D (x;x 0 ; t; t 0 ) = (10) where is the power law of the power spectrum for the index of refraction uctuations, 0 is a turbulence strength parameter de ned in the same manner as r 0 and w(z) is a normalized pro le that weights the relative strength of the turbulence as a function of position along the optical path, z. This weighting parameter is normalized such that
The factor is a function of the power law. Expressions for 0 and are derived for arbitrary power laws in Eqs. (22) and (32) 
where C 2 n (z) is the index of refraction structure constant and k is the optical wavenumber. Substituting the phase structure function, Eq. (10), into the x-slope structure function, Eq. (8) 
where we have use the short hand notation x s , y s , x t (z) and y t (z) to represent the normalized spatial and temporal separations of the subaperture slope measurements:
x s = (x ? x 0 )=d;
y s = (y ? y 0 )=d;
x t (z) = v x (z)(t ? t 0 )=d;
y t (z) = v y (z)(t ? t 0 )=d:
It is apparent from Eq. (14) that the slope structure function depends on these normalized separations as well as the atmospheric parameters , 0 , and w(z). In the special case that slope measurements are taken at the same time (i.e., t = t 0 ), Eq. (14) 
This spatial slope structure function reduces to an easily evaluated single integral that depends only on the normalized subaperture separations, x s and y s . In the special case that the slope measurements are taken at the same location 
This temporal slope structure function is a two dimensional integral that depends on the normalized motion of the turbulence layers in the time interval t ? t 0 and the relative weighting of the turbulence as a function of z. If the turbulence velocity is not a function of z, then the dependence on the relative weighting w(z) integrates out leaving a single dimensional integral expression. The y-slope structure function Dŷ s is nearly identical in form to the expression given for Dx s . To obtain Dŷ s from the expression for Dx s , the subaperture separations x s and x t (z) are swapped with y s and y t (z), respectively.
Equations (19) and (20) have been numerically evaluated and the results shown in Figures 1 and 2 . In the graphs shown in these two gures the slope structure function is plotted versus subaperture separation and the structure functions are normalized by the factor d ?2 (d= 0 ) ?2 . The transverse wind velocityṽ(z) is assumed to be constant with respect to z. The results shown in Fig. 1 are for subaperture separations in the x, y, and diagonal (45 ) directions. These curves are also valid for the y-slope structure function, Dŷ s , except the curve for the x and y shifts must be interchanged. In this gure the value is xed at 11/3, corresponds to the Kolmogorov index of refraction power spectrum density. In Fig. 2 the subaperture separation is xed to be along the x direction and a family of curves is shown for the power law parameter varied from 3 to 3.8. 
Structure function estimation from H{WFS data
Our goal is to use H{WFS slope measurements to estimate slope structure functions and, in turn, use these structure functions to compute statistical parameters such as and 0 . Nicholls et. al. presented one such method in Ref. 6] . In their approach the ratio of the estimated slope structure function for subapertures o set in two orthogonal directions is computed. This quantity is independent of the turbulence strength parameter 0 and is useful for quantifying the power law . In the examples presented here we assume that the turbulence has known power law and estimate the turbulence strength parameter 0 .
An estimate of the slope structure function can be found by computing the mean square di erence of the H{WFS slope measurements between any two subapertures within the pupil of the telescope. This operation corresponds tô (21) whereD^a s is the estimated slope structure function, M is the number of independent H{WFS measurement frames, and sâ(x n ; t m ) and sâ(x k ; t m ?i t) are the slope measurements for the nth and kth subapertures centered atx n and x k and taken at times t m and t m ?i t, respectively. The time t represents the time interval between measurement frames and i is a positive integer. This particular form of the estimator makes no a priori assumptions concerning the homogeneous or isotropic nature of the data. If the turbulence statistics prove to be homogeneous the estimate of the slope structure for a particular subaperture separation, x, can be computed by additionally summing Eq. (21) over all possible pairs of subapertures such that x =x n ?x k : Dâ s ( x; i t) = 1
sâ(x n ; t m ) ? sâ(x n ? x; t m ? i t)] 2 ; (22) where N is the number of subaperture pairs that are separated by x. This spatial averaging increases the e ective ensemble size.
In most practical situations, the H{WFS slope measurements will be corrupted by noise. This noise is attributed to both shot noise (photon noise) and additive noise in the focal plane detector. This noise can be modeled as being zero mean and independent of the subaperture wavefront slopes and also as independent from subaperture to subaperture. We designate the mean square value of this noise induced error as 2 n for both the x-and y-directed measurements. The magnitude of the mean square error will depend on the light levels incident on the sensor, the exposure time, and the additive noise levels in the detector electronics. A number of researchers have quanti ed this error level 18, 19, 20] . The measurement error will induce a bias of 2 2 n =M in the slope structure function estimatê Dx s . An unbiased estimate of the structure function becomeŝ 
4 Experimental results
The slope structure function estimator described above was used on data collected from the Airborne Laser Extended Atmospheric Characterization Experiment (ABLE ACE). ABLE ACE was a series of experiments performed by the US Air Force's Phillips Laboratory during January and March of 1995 21, 22] . During this experiment, optical wavefront measurements were made of laser beams propagating between two aircraft ying in the stratosphere separated by up to hundreds of kilometers. Data was gathered over a three month period at various locations within the continental United States and overseas. The primary purpose was to gather data on atmospheric turbulence in the stratosphere; thus, the aircraft altitudes ranged between 35,000-45,000 feet. Many di erent separations between the aircraft were used, ranging from twenty kilometers to over one hundred kilometers.
The Science3 data set
H{WFS data collected during the Science3 data collection run of ABLE ACE was used to demonstrate an experimental slope structure function computation. The Science3 data set was characterized by aircraft separations of approximately 58 km and altitudes of 40,000 ft. A total of 114 H{WFS measurement frames was used from this data set to compute the slope structure function. The H{WFS subaperture array consisted of square subapertures arranged in a 21 21 array. The integration time for a single frame was 21 ns and the frame rate was 1/3 Hz. At the aircraft nonimal speed the aircraft traveled 67 m between frames. The detector in the lenslet focal plane was a 512 512 pixel CCD camera. The steps used in analyzing the ABLE ACE WFS measurements were:
1. process the H{WFS lenslet array focal plane signals to extract subaperture wavefront slope, 2. estimate the slope structure functions using Eq. (21), 3. examine the slope structure functions for homogeneity and isotropy, 4. and compare the estimated slope structure functions to theoretical slope structure functions.
The ensemble average and variance of the slopes at each subaperture were rst computed. The subaperture slopes that can be attributed to turbulence e ects are expected to be zero mean. Any non-zero average slope corresponds to a deterministic or slowly varying aberration. A deterministic aberration can arise from the optical components used to direct the light from the telescope pupil to the wavefront sensor. Such an aberration will in uence the structure function estimates and must be computed and subtracted out. The variance of the subaperture slope was computed in order to investigate the uniformity of the second order statistics of the turbulence across the system pupil. For homogeneous turbulence we would expect a uniform slope variance across the pupil. The variance calculations did indeed show this uniformity.
The experimental slope structure function was computed using Eq. (22) . We compared the experimental structure function to theory by performing a least-squares t of the normalized theoretical expression to the experimental function. The t resulted in a value of 0 for a given power law, . Figure 3 shows the experimental slope structure, Dx s , as function of subaperture separation with t = 0. The four cases shown in Fig. (3) are for subaperture separations in the x, y, ?45 degree diagonal and +45 degree diagonal directions. The 95% con dence intervals shown in each plot increase as a function of subaperture separation because there are fewer subaperture pairs in the ensemble average for these larger separations. Also shown in each graph of Fig. 3 is the best t theoretical slope structure function for the case = 11=3. The value of r 0 that resulted from this best t is also given. These results demonstrate the applicability of processing wavefront slope measurements for atmospheric turbulence characterization.
Summary
We have presented theoretical expressions for the slope structure function that apply to a Hartmann-Shack wavefront sensor. This derivation assumes only homogeneity and isotropy of the wavefront phase statistics. The expression is shown to depend only on the wavefront phase structure function. There are many di erent formulations for the phase structure function that can be developed ranging from the simple Kolmogorov model to the von Karman model to the general power law model developed by Stribling 16] . The symmetry inherent in the H{WFS geometry allowed the integrations to be reduced to a single dimensional integral. The slope structure function has been evaluated for an arbitrary power law power spectrum model using numerical quadrature.
In conjunction with the theoretical expressions for the slope structure function we have presented a method for estimating the slope structure function using H{WFS measurements. This experimental estimation method makes no assumptions about homogeneity and isotropy of the data. ABEL ACE WFS data were used to demonstrate the applicability of the technique for estimating slope structure functions. The estimated structure functions followed the behavior predicted by the theoretical slope structure functions.
This work has shown that characterizing atmospheric turbulence using H{WFS slope measurements directly is possible and less computationally intense than wavefront phase reconstruction. Recovering r 0 values directly from wavefront slope measurements in real time is a possibility. Insensitivity to overall wavefront tilt and system jitter is particularily advantageous when using data from a moving or vibrating platform. Performance issues associated with presented technique have not been investigated. Issues that need to be further investigated include determining how many frames of wavefront slope data are needed to get reasonably accurate estimates of the slope structure function. This number of required frames will depend on the wavefront slope statistics as well as the measurement errors. Another issue is the sensitivity of the technique for sensing 0 and . How does this sensitivity change as a function of subaperture size, subaperture array size, and integration time. Again, this sensitivity issue has yet to be investigated.
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